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New Stokes curves of higher order Painlev\’e equations II





. Painleve’ Lax pair
. La.xpair Painleve’
2 . [N1], [KKNT]
, $\mathrm{L}\mathrm{a}_{\mathrm{b}}\mathrm{x}$ pair , Lax




dispersive water wave hierarchy $P_{11}$ hierarchy ([GJP] ) 2
, WKB




2 $P_{\mathrm{I}}$ hierarchy 3 Lax pair
$P_{1}$ hierarchy 3 .
$\eta^{-6}u^{(6)}-28\eta^{-4}$u$u(4)-56\eta^{-4}$u$\prime u^{(3)}-42\eta^{-4}(u")^{2}+16c_{1}\eta^{-2}u’’+$ 280y7-2u2u”
$+$280y7-2u(u$’$ ) $2-280u^{4}-96c_{1}u^{2}+64c_{2}u+32c_{1}^{2}-64c_{3}-64t=0$ (P)
$u$ , $t$ , $\eta$ large parameter, $c_{1},$ $c_{2},$ $\mathrm{c}_{3}$ .
Lax pair .
Lax pair: $\{$
$\frac{\partial}{\partial x}\Psi=\eta A\Psi$ (SL)
$\frac{\partial}{\partial t}\Psi=\eta B\Psi$ . (D)
1367 2004 155-168
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$A$ $=$ $(\begin{array}{ll}U(x)/2 V(x)(2x^{4}-x\mathrm{t}^{\gamma}(x)+\underline{9}W(x))/4 -U(x)/\underline{9}\end{array})$ ,
$B$ $=$ $(\begin{array}{lll}0 2x/2+ u 0\end{array})$ , $\Psi=(\begin{array}{l}\acute{\psi}\varphi\end{array}),$
$U(x)$ $=$ $\frac{1}{2}\eta^{-1}u’x^{2}+$ G$\eta^{-}$3u(3) $- \frac{3}{2}\eta^{-1}$u$u’$) $x$
$+ \frac{1}{32}\eta^{-}$ 5u(5) $- \frac{5}{8}\eta^{-3}$u$u(3)- \frac{5}{4}\eta^{-3}u’ u"+\frac{15}{4}\eta^{-1}u2u’+\frac{c_{1}}{2}\eta^{-1}$ u’,
$V(x)$ $=$ $x^{3}-ux2+(- \frac{1}{4}\eta^{-2}u’’+\frac{3}{2}u^{2}+c_{1})x$
$- \frac{1}{16}\eta^{-}$4u(4) $+ \frac{5}{4}\eta^{-2}uu"+\frac{5}{8}\eta^{-2}(u’)^{2}-\frac{5}{2}u^{3}-c_{1}u|[perp] c_{2}$ ,
$W(x)$ $=$ $( \frac{1}{2}u^{2}+c_{1})x^{2}+(\frac{1}{4}\eta^{-2}uu’’-\frac{1}{8}\eta^{-2}(u’)^{2}-u^{3}+c_{2})x$
$+ \frac{1}{16}\eta^{-4}$uu(4) $- \frac{1}{16}\eta^{-4}$u’$u^{(}3$ ) $+ \frac{1}{32}\eta^{-4}(u’’)^{2}-\frac{\delta^{\ulcorner}}{4}\eta^{-}$ 2u$2u$”
$+ \frac{15}{8}$u$4+ \frac{1}{2}$c$1u2- \frac{c_{1}^{2}}{2}+C3+t.$
2
$\frac{\partial A}{\partial t}-\frac{\partial B}{\partial x}+\eta(AB-BA)=0$
(P) .




u=\^u $(t_{l}. \eta)=.\sum_{1=0}^{\infty}u_{\dot{l}}(t)\eta^{-:}$ . (1)
(P) $\eta$
. , $\eta$ 0
$.35u_{0}^{4}(t)+12c_{1}u_{0}^{2}(t)-$ 8C2u0(t)-3c$21+8c_{3}+8t=0$ (2)
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$u_{0}$ 4 . : $u_{0}(t)$
, $\prime u_{0}$ (t) 4 . $u_{0}$ ( t)
$u_{j}(t)(j\geq 1)$ (2) $u_{0}(.t)$
0- .
3.2
(P) 0- . \^u+\Delta u





$+560\eta^{-2}\hat{u}$i’t $t+280’\eta^{-2}$(i$’$ ) $2-$ 1120$\hat{u}^{3}-192c_{1}\hat{u}+64c_{2}$ ) $\triangle u=0$
. (P) 0- .
$\eta^{-1}\partial_{t}$ $\nu$ , $\eta$ 0
$C(t, \nu)=\nu^{6}-28u0^{\nu^{4}}+$ ( $16c1+$ 280u0) $\nu^{2}+1120u_{0}^{3}+192c_{1}u_{0}+64c_{2}=0$ (4)
. (3) .
3.1( (P) turning point Stokes )
(i) $C($ \mbox{\boldmath $\tau$}, $\nu)=0$ $t=\tau$ (P) tuming point .




(iii) $t=\tau$ (P) turning point
(I) $C(\tau, \nu)=0$ $\nu=0$ $t=\tau$ 1 tuming point .
(II) $C($ \mbox{\boldmath $\tau$}, $\nu)=f(_{\overline{\mathit{4}}}, \nu 2)$ , $f($ \mbox{\boldmath $\tau$}, $x)=0$ $t=\tau$ 2
turning point .
$C$ (t, $\nu$ ) $=0$ 0- 0 $u_{0}(t)$
, $u_{0}(t)$ 4 4
, (P) turning point Stokes $u_{0}(t)$ Riemann
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. $u_{0}(t)$ Riemann
( [NT] ). , $u_{0}(t)$ $u_{0}(t)$ 4
. , 1 turning point $u_{0}(t)$ 1 turning
point , 1/2 . (
.) , $u_{0}(t)$ Riemann
$u_{0}(t)$ 4 sheet ( $\mathbb{C}$ ) , 1 turning point
$u_{0}(t)$ cut . $u_{0}(t)$
sheet 1 turning point 2 cut
. Riemann
$c_{1}=1.2+0.8i,$ $c_{2}=-1.7-1.5i,$ $c_{3}=i$ , $u_{0}(t)$ Riemann
(P) turning point Stokes . $\tau_{i}^{1}(1\leq i\leq 3)$
1 turning point, $\tau_{i}^{11}(1\leq i\leq 6)$ 2 turning point, $u_{0}(t)$
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1: 1st sheet 2: 2nd sheet $\cdot$
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3: 3rd sheet 4: 4th sheet
4 (SL) turning point Stokes
0- Lax pair ,
(SL) turning point Stokes . Lax pair
.
Lax pair (1) .
$A’|_{u=\hat{u}}=A_{0}(x, t)+\eta^{-1}A_{1}(x, t)+\cdots$ :
$B|_{u=\dot{u}}=B_{0}(x, t)+\eta^{-1}B_{1}(x, t)+\cdots$
$(\mathrm{S}\mathrm{L}),(\mathrm{D})$ .
$\det(\lambda-A_{0})$ $=$ $\lambda^{2}+$ det $A_{0}$
$=$ $\lambda^{2}+h(x,t)^{2}(-x-2\prime u_{0})=0$ (5)
$\det(\mu-B_{0})$ $=\mu^{2}+$ det $B_{0}$
$=\mu^{2}+$ (-x-2u$0$ ) $=0$ . (6)
$h$ (x, $t$ ) $= \frac{1}{4}(x^{3}-u0x^{2}+\frac{1}{2}(3u_{0}^{2}+2c_{1})-\frac{5}{2}u_{0}^{3}-c_{1}u_{0}+c_{2})$
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4.1( (SL) turning point Stokes )




, tuming point $x=z$ (t) (
$\Im\int_{z(t)}^{x}$ $(\lambda_{+}(x, t)-\lambda_{-}(x, t))dx=0$
(SL) Stokes .
(iii) $x=z$ (t) (SL) tuming point .
(I) $x=z$(t) ’| (5) 1 $x=z$ (t) simple
turning point .
(II) $x=z$ (t) (5) $1\mathrm{J}5\mathrm{I}$ 2 $x=z$ (t) double
turning point .
, (SL) (5) $-\det A_{0}(x, t)$ . ,
(SL)
$-x-2u_{0}=0$
1 simple turning point $x=a$ (t)
$h(x, t)= \frac{1}{4}(x^{3}-u_{0}x^{2}+\frac{1}{2}(3u_{0}^{2}+2c_{1})-\frac{5}{2}\cdot u_{0}^{3}-c_{1}u_{0}+c_{2})=0$
3 double turning point $x=b_{1}$ (t), $b_{2}(t),$ $b_{3}(t)$ .
5 $\mathrm{L}$ pair
Lax pair Lax
pair . ( [KKNT] )
5.1 (A)(5) (6) .





$\frac{\partial}{\partial t}\lambda_{\pm}=\frac{\partial}{\partial x}\mu\pm$ ( ) (8)




5.1 $t=\tau^{1}$ (P) 1 tuming point ,
(SL) $t=\tau^{1}$ simple tuming point $x=a$(t) double turning point
$x=b_{l}(t)(1\leq l\leq 3)$ , .
$\int_{a(t)}^{b_{t}(t)}(\lambda_{+}(x, t)-\lambda_{-}(x, t))dx=\frac{1}{4}\int_{\tau^{1}}^{t}(\nu_{m}(t)-\nu_{m’}(t))dt$. (10)
$\nu_{m}$ (t), $\nu_{m’}(t)$ $t=\tau^{1}$ $C$ (t, $\nu$ ) $=0$ 2 . , $t$
turning point $t=\tau^{1}$ Stokes (SL) $a$ (t) $b_{l}(t)$
Stokes .
5.2 $t=\tau^{11}$ (P) 2 tuming point ,
(SL) $t=\tau^{11}$ 2 double turning point $x=b_{k}$ (t), $b_{l}(t)(1\leq k, l\leq 3)$
, .
$\int_{b_{k}(t)}^{b_{l}(t})(\lambda_{+}(x, t)-\lambda_{-}(x, t))dx=\frac{1}{2}\int_{r^{11}}^{t}(\nu_{m}(t)-\nu_{m’}(t))dt$ . (11)
$\nu_{m}$ (t), $\nu_{m’}$ (t) $t=\tau^{11}$ $C$ (t, $\nu$) $=0$ 2 . $t$ tuming
point $t=\tau^{1\mathrm{I}}$ Stokes , (SL) 2 double turning point
$x=b_{k}$ (t), $b_{l}$ (t) Stokes .
2 $t$ (P) Stokes ,
(SL) 2 turning point Stokes
. [N1] $\sim\sim$ $t$ (P) turning point
, (SL) Stokes
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. , (P) Stokes [N1]
Stokes (23 ) : $t$






. Stokes ( $[\mathrm{B}\mathrm{N}\mathrm{R}],[\mathrm{A}\mathrm{K}\mathrm{T}1],[\mathrm{A}\mathrm{K}\mathrm{T}3]$
) .
Stokes Stokes
. $t$ , (SL) Stokes
Stokes
. [KKNT] section 3 $t$ (SL) Stokes
Stokes .
(SL) Stokes . 3 Stokes simple
turning point, 4 Stokes double turning point .
5: $t=T_{1}$ 6: $t=T_{2}$. 7: $t=T_{3}$ 8: $t=T_{4}$
9: $t=T_{5}$ 10: $t=\ovalbox{\tt\small REJECT}$ 11: $t=T_{7}$ 12: $t=T_{8}$
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13: $t=T_{9}$ 14: $t=T_{10}$ 15: $t=T_{11}$ 16: $t=T_{12}$
17: $t=T_{13}$ 18: $t=T_{14}$ 19: $t=T_{15}$ 20: $t=T_{16}$
21: $t=T_{17}$ 22: $t=T_{18}$ 23: $t=T_{19}$ 24: $t=T_{20}$
25: $t=T_{21}$ 26: $t=T_{22}$ 27: $t=T_{23}$
Stokes $t=T_{i}$ $(i\neq 6,12,19)$ [KKNT]
Lax-adjacent . , (SL) Stokes 3
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turning point Stokes ,




. , [KKNT] section 4 2 Stokes
1’. 2
(SL) Stokes . (
(P) Stokes , $C$ (t, $\nu$ ) $=0$ 2
0 .). .
(SL) Stokes ,

















































28: 1st sheet 29: 2nd sheet
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$.\backslash _{\backslash }$ $/’/’//$
$\backslash \backslash [searrow]$ \mbox{\boldmath $\tau$} .(’.
$‘\backslash \backslash$
$\tilde{\mathrm{T}}$
$\backslash$ \tilde T5‘\acute .
$2\mathrm{I}$
’
$\backslash \cdot\backslash \backslash \backslash$
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$\backslash \backslash \backslash \backslash$
30: 3rd sheet 31: 4th sheet
Stokes Stokes 5 .






33: $t=\tilde{T}_{1}$ 34: $t=\tilde{T}_{2}$ 35: $t=\tilde{T}_{3}$
36: $t=\tilde{T}_{4}$ 37: $t=\tilde{T}_{5}$
$\tilde{T}_{2}$ Stokes . , $T_{7}$
Stokes .
Stokes $T_{7}$ Stokes $\tilde{T}_{2}$






$\fbox 38$ :2nd sheet
Stokes
(P) Stokes Stokes .
(P) Stokes (SL) Stokes
, virtual turning point
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